The Zitterbewegung of a wave packet in a zigzag graphene nanoribbon is theoretically investigated. The coupling between edge states and bulk states results in intriguing properties. Apart from the oscillation in position perpendicular to the direction of motion, we also observe an oscillation along the direction of propagation which is not present in semiconductor nanowires or infinite graphene sheets. We also observe a resonance of its amplitude with respect to the central momentum of the wave packet. We show here that this longitudinal Zitterbewegung is caused by the interplay between bulk and edge states, which is a unique property of a zigzag nanoribbon.
I. INTRODUCTION
Zitterbewegung, i.e., the trembling motion of the wave packet, is one of the salient features of a relativistic quantum system that distinguishes it from a nonrelativistic one: the strong locking between the (pseudo)spin degree of freedom and the momentum results in an oscillation of the position of the wave packet as a function of time. Although this effect has drawn significant theoretical attention from the perspective of relativistic theory [1, 2] and for the understanding of fundamental physics regarding electron structure [3] and spin [4] , its observation has remained an experimental challenge for a long time. Recently, it has been realized that a large class of noncentrosymmetric condensed matter systems [5, 6] like nanowires [7] [8] [9] , two dimensional electron gas [10] , and honeycomb lattices [11, 12] (e.g., graphene, silicene [13] , MoS 2 [14] , etc.), surfaces of topological insulators [15, 16] , photonic crystals [17] , and cold atom gases [18] [19] [20] can be described by a Dirac-like equation and hence becomes instrumental for the experimental observation of Zitterbewegung. All these systems are characterized by a strong coupling between the (pseudo)spinσ (spin angular momentum, sublattice index, orbital, etc.) and the momentum k, i.e.,Ĥ so = ξσ i k j , which has two main consequences. First, the velocity of the particle depends on the direction of the (pseudo)spin through the so-called anomalous velocity ∂ kĤso . Second, when the particle moves, the (pseudo)spin "feels" an effective magnetic field proportional to the momentum and about which it precesses [5] . Zitterbewegung reflects the reciprocal influence of the precessing (pseudo)spin on the anomalous velocity. Hence although the physical details behind the origin of Zitterbewegung are different in different noncentrosymmetric systems, they can be described under the framework of a general multiband theory [21] .
Among all these systems graphene has captured a large amount of attention in recent years. Among other relativistic phenomena, Zitterbewegung [22, 23] also has attracted significant theoretical attention for monolayer [24, 25] and bilayer [26, 27] graphene, carbon nanotubes [28, 29] , and graphene superlattices [30] . However, in all these cases the Zitterbewegung has a transient character [24, 30] which makes * aurelien.manchon@kaust.edu.sa it hard to observe. This transient behavior is a manifestation of Riemann-Lebesgue theorem [2, 24] , which predicts that if the weight function of the Fourier component is continuous then the wave packet dies off. One way to overcome this damping is to use discretized weight which can be achieved by applying a perpendicular magnetic field [26, 31] or pseudomagnetic field induced by strain [32] . The same remedy also works for an asymmetric quantum well [33] .
Another way to prevent the damping is to use a transverse confinement. Schliemann et al. [7] showed the existence of a Zitterbewegung effect for a semiconducting nanowire with a parabolic confinement along the transverse direction. They further show that if the states defined along the direction of motion are degenerate with opposite spin, the Zitterbewegung undergoes a resonance.
Motivated by the studies in semiconducting nanowires, we investigate the nature of Zitterbewegung for a zigzag graphene nanoribbon (ZGNR). The main characteristic feature that distinguishes a ZGNR from a semiconducting nanowire is the presence of edge states which appear as a result of the coupling between transverse and longitudinal momenta caused by the boundary condition [34, 35] . The edge states are distinguished by their low energy which is a result of their strong localization. Although the properties of the edge state have been extensively studied [36, 37] , the effect of their interaction with the bulk state has not been thoroughly addressed. In this work, we demonstrate that the Zitterbewegung effect in ZGNR arises from the overlap between bulk and edge states and enters in resonance when properly weighting the contributions of these two types of states. Even more interestingly the resonance occurs in the direction of propagation, in sharp contrast with other systems (extended graphene, nanowires, etc.).
II. THEORY AND METHOD
The low energy effective Hamiltonian for graphene is given by [12] 
where η = ±1 stands for the (K,K ) points and v F is the Fermi velocity. In the following sections we will consider = v F = 1, for simplicity. For the ZGNR with zigzag edges along the x direction (see Fig. 1 ), we use the boundary [12] , L being the width of the ribbon and the suffix A,B denoting the type of sublattice. For ZGNR, the solutions around K and K points are decoupled and we can proceed with any one of them separately (see Fig. 3 ). In the following, we will consider only the K (η = 1) point. The wave function is given by
where s = ±1 for positive/negative energy states. k n corresponds to the nth mode of transverse momentum k y which is related to k x by the relation
and the corresponding energy eigenvalue is given by
A detailed derivation of these expressions can be found in Sec. H.1. in Ref. [12] . In the present work, once k x is fixed, k n are calculated numerically. The solutions of Eq. (3) The band structure calculated from Eq. (4) is displayed in Fig. 3 . The two K and K valleys are clearly separated and possess both bulk states (blue lines), and edge states (red lines).
The details of the Zitterbewegung response are quite sensitive to the specific form of the initial wave packet [29] . In this work we have considered a Gaussian wave packet which is a reasonable assumption to identify the salient features of this effect. For Zitterbewegung to take place, the initial wave packet must contain both positive and negative energy components. The wave packet with an initial momentum (k
where
For large ZGNR, the transverse momenta (k n ) will be more closely spaced and ζ (k x ) → 1. For an infinite graphene sheet k n is continuous and ζ (k x ) = 1. To any given k x corresponds a discrete set of k n which is taken into account by the summation. The expectation values of the position along x(t) and perpendicular y(t) to the direction of motion are defined:
Since the wave packet consists of both positive and negative energy states, the expectation value of an operator also contains two contributions [24] : one nonoscillatory part coming from the individual positive and negative energy states and a second oscillatory part coming from the interference between the positive and negative states which we are interested in. We define the Zitterbewegung component of an operator as
where O +,− corresponds to the expectation value evaluated for a wave packet made of only positive/negative energy states with the same Gaussian weight as (x,y,t).
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III. RESULT AND DISCUSSION
The zigzag boundary condition not only quantizes k y but also couples k x and k y [see Eq. (3)]. However, in the limit of large k x , i.e., |k x L| 1, k n → nπ/L, which is close to a harmonic oscillator confinement, as seen in Fig. 2 . For our analysis we have chosen k (Fig. 2) . Fig. 4 at t = 0. The overlap between bulk and edge states is the driving factor behind the Zitterbewegung in the present system. When both states have comparable share, the resultant wave packet is more delocalized and displays maximum oscillation amplitude.
Let us now investigate the time dependence of the position of the wave packet. Figure 5 shows the expectation values x(t) and y(t) for k 0 x = 1/L and d = L/4. As mentioned above, one can see that the total expectation value is not simply the sum of the individual contributions of positive and negative energy wave packets, but also displays an oscillatory contribution arising from the interplay between these two energy states. Movies of the time evolution of the complete wave packet for different k 0 x are available in Supplemental Materials [38] . The wave packet consists of both bulk (B) and edge states (E) with both positive (+) and negative energies (−) which produces five types of interference: (i) B ± ↔ B ± , (ii) B ± ↔ B ∓ , (iii) B ± ↔ E ± , (iv) B ± ↔ E ∓ , and (v) E ± ↔ E ∓ . Since the edge states have energy close to zero, (v) does not give any significant contribution to oscillation and (iii) and (iv) yield almost similar contributions. The bulk states with the same sign of energy have a smaller gap with respect to that with opposite sign which makes the contribution from (i) also negligible. Hence the dominant contribution will come from (ii) and (iii).
Notice that here we considered states at the K valley only. Similar results can be obtained for the K valley as well, but in that case the values have opposite signs. In principle, intervalley scattering may affect the Zitterbewegung effect by enabling destructive interferences between the two valleys. Such intervalley mixing occurs in armchair nanoribbons [12] or in the presence of short-range impurities and defects [39, 40] , but is absent in defect-free zigzag nanoribbons. Besides, here the width of a momentum space Gaussian wave packet is ∼ 100 nm One can see that both x Z (t) and y Z (t) present a damped oscillatory behavior. In the case of x Z (t), the decay length is much longer than the oscillation period, while in the case of y Z (t), the decay is much stronger which suppresses the oscillatory behavior. Note also that the period of oscillation of x Z (t) is essentially constant ∼ π/2. In addition, y Z (t) shows a saturation towards L/2, which is quite expected as the amplitude cannot exceed the ribbon width. One remarkable difference of the Zitterbewegung effect for ZGNR with respect to other Dirac systems is the existence of oscillation along the direction of motion, i.e., x Z (t). If the longitudinal and transverse momenta are not coupled, one can readily check, using a Heisenberg equation of motion, that the oscillation of a Dirac particle is always perpendicular to its initial momentum. However, when the momenta are coupled, a longitudinal component of the oscillation develops causing a longitudinal Zitterbewegung.
The other striking characteristic of the Zitterbewegung effect is the appearance of a resonance in x Z (t) oscillations, as shown in Fig. 6(c) . From Fig. 2 one can see that the dependence between k x and k y is strongly nonlinear near k x L = 1, which corresponds to the rise of edge states. We already showed in Fig. 4 that bulk and edge states tend to localize in opposite ends along the transverse direction. From Fig. 3 one can also see that for a particular k x the bulk and edge states have opposite propagation velocity as suggested by the slope of the energy bands. Hence maximum oscillation is expected when these two states contribute equally.
This feature can be further clarified when considering different Gaussian widths. Following earlier studies [24] we assume that the envelope of the oscillating x Z (t) is of an exponential nature, i.e.,
where x envelope Z is the value of x Z (t) at the peaks which describes the envelope for x Z (t) and x max Z is the maximum peak value. From Fig. 7 , one observes that as d decreases (i.e., the wave packet becomes more localized in real space and broader in momentum space), both the amplitude (x max Z ) and damping ( ) increase. The resonant amplitude however does not increase monotonically and rather tends towards a saturation which is clear from Fig. 7(a) . The change of is more prominent when x max Z undergoes the resonance. The resonance takes place roughly within the region 2 k 0 x L 3. The larger d, the closer the resonance is to k x L = 1. This behavior can be explained based on our earlier argument. As d increases, less bulk states contribute to the wave packet. Consequently the bulk and edge share a similar amount of contribution and the wave packet becomes more delocalized causing an increase in the amplitude of x Z (t). Since the contribution from the bulk decreases, the condition when the bulk and edge share equal contribution becomes closer to k x L = 1, and hence the resonant position also shifts accordingly. The damping also depends on the amount of interference among states. For smaller d more states interfere with each other which results in faster damping [see Fig. 7(b) ]. It is worth mentioning that the present analysis also holds with the current density j x = ev F σ x . One can readily see that v F σ x = dx/dt = dx /dt and hence the qualitative nature of the resonance and damping will be the same.
It is instructive to compare the present results with previous works [7, 24, 31] , which are summarized in Table I . Although the values provided in this table are indicative only, they show that in extended graphene monolayers and bilayers (Gr monolayer and Gr bilayer), the frequency of oscillation is extremely fast (τ ∼ fs) compared to nanoribbons (100 nm ZGNR) and semiconducting nanowires (50 nm InAs) (τ ∼ 0.1-1 ps). Furthermore, the state quantization in extended graphene results in a strong damping of the Zitterbewegung effect. This damping can be dramatically reduced by opening Landau levels using a magnetic field (Gr+2.5 T and Gr+10 T), which is accompanied by a slowdown of the oscillation frequency. The results discussed in the present work (100 nm ZGNR) compare favorably with the results obtained using semiconducting nanowires or magnetic field in graphene. It therefore demonstrates that using bulk-edge state overlap to achieve Zitterbewegung resonance is a valuable route to observe this effect experimentally.
IV. CONCLUSION
In this work we investigated the Zitterbewegung effect in ZGNR and demonstrated that in sharp contrast to other Dirac systems, the trembling motion appears along the direction of propagation of the wave packet. This peculiar feature stems from the coupling between the momenta along longitudinal and transverse direction of motion caused by the zigzag boundary condition. Such a coupling does not exist in armchair nanoribbons. Furthermore, by tuning the initial longitudinal wave vector, the wave packet enters in resonance which results in a significant increase of the magnitude of the oscillation. This resonance is attributed to the interference between the bulk and edge states and appears when these states equally contribute to the wave packet. In fact, the resonant longitudinal Zitterbewegung is thus a true signature of the coexistence of bulk and edge states and should be observable in other low dimensional Dirac systems with appropriate edges, such as silicene [41] or MoS 2 -like [42] zigzag nanoribbons.
